Here Λ denotes the Iwasawa algebra Z p JGal(K ∞ /K )K. The presence of M here (which does not appear in [9] ) is due to the fact that some prime divisors of the conductor of E might split completely over K ∞ /K . This seems to be the author's oversight, although it does not affect the overall argument of [9] . Also see Nekovar [14] and Howard ([7] which uses the Kolyvagin systems technique and the techniques from Mazur-Rubin [11] to provide an alternate proof) for a similar statement for the Selmer groups for ordinary primes.
As a consequence, we proved the parity conjecture for such p. Also note that Nekovar proved the parity conjecture for an abelian variety associated to a Hilbert modular form of parallel weight when the variety has ordinary reduction at every prime lying above p [12, 13] . Recently T. Dokchitser and V. Dokchitser proved it over the rational number field for primes with any reduction [3] .
Let E be an elliptic curve over Q. Let F be a totally real field and assume E is isogenous (over F ) to an elliptic curve defined over F associated to a Hilbert modular form f of parallel weight 2 and conductor N ⊂ O F . Fix a prime number p > 3 prime to N and assume that every prime of F lying above p is unramified over F /Q. In this paper we generalize [9] to prove the following. we have
Theorem 2 (Proposition 31). Let K be a CM extension of F which satisfies the
where Y is a Λ-cotorsion module and M is annihilated by a power of p.
The first condition seems indispensable if we want to use the CM-points. The main technical improvement is the treatment for the primes of K above p that do not lie above Q (whether they are supersingular or not). These primes are unramified over K ∞ /K , and could split completely over K ∞ /K .
From the above-mentioned statement we can obtain the following.
Theorem 3. For a prime number p we have
The condition that [F Q : Q p ] = 1 in condition 2 is quite strong. The problem is that we do not have a reasonable plus/minus local condition construction for the Z n p extensions when n is larger than 1. We hope to make an improvement on this point in the future. 
Plus/minus Selmer groups
For the following lemma we let E be an elliptic curve defined over an unramified extension L/Q p with good supersingular reduction. Let L ∞ be a Z p -extension of L.
Lemma 5. E(L ∞ ) is p-torsion free.
Proof. LetÊ/O L be the formal completion of E/L, i.e., the kernel of the reduction map. By the Weierstrass preparation theorem we can write [ 
Recall the notation E and F in the introduction. For the rest of the section we fix an embeddinḡ F → C which is identity on F . This embedding gives a map τ :F →F corresponding to the complex conjugation of C.
Let K be a totally imaginary quadratic extension of F such that every prime of F lying above p is unramified over K /F and every prime divisor of N and Q split completely over K /F . Let p be any
be the abelian extension of K such that
by class field theory.
We let K n be the subfield of K ∞ with G n :
and Λ denote Z p JΓ K. Once and for all, we fix a topological generator γ of Γ . We identify Λ with Z p JXK by identifying γ with X + 1.
The following discussion is similar to [9, Section 4.1]. Let P be a prime ideal of Λ generated by an irreducible element x P not divisible by p. Note that Λ/P is an integral domain and finitely generated Z p -module. We let O P denote the integral closure of Λ/P , m P the maximal ideal of O P , π P a uniformizer of m P , and let S P denote a Galois module whose underlying group is O P and on which G K acts through the natural map G K → Γ → S P . We observe that G K acts trivially on S P /m P S P . We let T :
We define the following pairing.
Definition 6. We let
Fix an integer k > 0, then we can identify A P [m 
(1)
Tw(T) denote the G K -module whose underlying set is T and on which G K acts as follows: for σ ∈ G K and x ∈ Tw T, σ · x = (τ σ τ −1 )x (the action on the right-hand side is that of G K on T). We can see that the pairing (·,·) naturally induces a G K -equivariant pairing Let Σ be a finite set of places of K including primes lying above p, all infinite places, and all primes at which T is ramified.
for every integer 0 i k. We call this subgroup the local condition of v.
For every 0 i k we have
(i.e., the local condition at v is cartesian). H.3. As mentioned in [9] , we have a perfect pairing 
.
When the local conditions at all the places of Σ satisfy H.1-H.3, there is an R-module M and an integer ε such that we have H
We recall Q splits completely in K /F and p is a prime of K above Q . There are numbers N 1 , N 2 with 0 N 1 N 2 such that
For n N 1 we let K n,Q i denote K n,v where v is the unique prime of K n lying above Q i . We let E/Z p be the formal completion of E/Q p . Following [10] and [9, Section 4.2] we define the following.
We put k n = K N 2 +n,Q i (and we put k −1 = k 0 ), and definê
We let w be a prime of K n above p. We note 
Similarly from the long exact sequence induced from T P /m with respect to
Now we let v be a good supersingular reduction prime of K lying above p but not above Q . Then
Let n, m be integers with n m and w, w be primes of K n and K m such that w is lying above w and w is lying above v. Similar to our discussion after Definition 8 we have isomorphisms
for any integer j > 0.
Since K m,w /Q p is unramified, we have an isomorphismÊ(K m,w )
. By Tate local duality it follows that for any integer j
is injective, which, together with (2), implieŝ
Thus we have the following.
Lemma 10.
w|vÊ
Definition 11. 
Proof. As we mentioned,Ê( 
Proof. Since we have Propositions 12 and 13, we can prove this similar to [9, Proposition 4.11]. 2
Now, let v be a prime of K above p where E has good ordinary reduction. We let V := T ⊗ Q p .
For a good ordinary reduction prime v of K lying over p, letT be the p-adic Tate module of the reduced curveẼ/k v where k v is the residue field for v. We definê
T := ker(T →T ).
Similarly we defineÂ andV . We letT P ,Â P , andV P denoteT ⊗ S P ,Â ⊗ S P , andV ⊗ S P . We define a local condition at v as follows.
Definition 16.
We note that H
is the exact annihilator of itself with respect to the Tate local pairing 
The fact that this local condition satisfies H.2 follows from the definition. From Propositions 9 and 15 it follows that it satisfies H.3. 
We define the "Selmer group"
We have the following.
Proposition 19. There is an integer r P and a finite O P -module M(P ) such that
Proof. By Theorem 7 for any integer k we have H
As we can see in [9, Proposition 2.5], some variation of Shapiro's lemma gives a Λ-isomorphism
By the same lemma, for any prime v of K , we have a Λ-isomorphism
Definition 20. For a good ordinary reduction prime v of K lying above p we define
For a good supersingular reduction prime v of K lying above p we define
For any other finite place v, we define
Finally we define
For an irreducible polynomial f (X) ∈ Λ prime to p, let P = ( f (X)) and P n = ( f n (X)) for f n (X) = f (X) + p n . Let ι be the standard involution of Λ given by γ → γ −1 . We identify S P n with
As the discussion after [9, Definition 4.17] we have a map
Similar to [9, Proposition 4.18] we obtain the following.
Proposition 21. The kernel and cokernel of 
for some integer r.
Now we study the relationship of H
Let n N 2 . For a prime v of K n lying above Q , we define H
Λ-corank of the plus/minus Selmer group
We show the Λ-corank of Sel
Proposition 26. If n − N 2 is odd and χ is a primitive character of Gal(K n /K N 2 ), we have
Proof. As in [9, Lemma 4.20], we need to show that the χ -part of the kernel of
is finite when v is a prime lying above a prime in Σ and w is a prime lying above v. Now we need to show corank
for an infinite number of characters χ using the equidistribution of the CM points. This seems to be a fairly standard practice, which we will present in the following. Note that we follow the notation of [8] .
Let F be a totally real field of degree g and fix an embedding ξ : 
Let H ± = C − R, and let G be a reductive algebraic group over F such that
where {cusps} is empty unless F = Q. By Shimura's theory [17] , X(C) has a canonical model X defined over F .
Let Jac( X) denote the connected component subgroup of Pic( X/F ). Then,
whereF denotes the abelian Galois extension of F corresponding to the subgroup
Let f be a Hilbert modular eigenform of trivial central character, parallel weight 2, and level N.
Let O f be the subalgebra of C generated over Z by the eigenvalues of f for Hecke operators. There is a unique point w(ρ) ∈ H = {z ∈ C | Im z > 0} which is fixed by ρ(α) for every α ∈ K × (see [16, Section 9.2] ). The embedding ρ and its conjugate embedding share the same fixed point, however only one of them satisfies ρ(α)
where ρ(α) is viewed as an element of GL 2 (R) on the left-hand side. Without loss of generality we can assume ρ satisfies (4). We let T ⊂ G be the torus defined by ρ( Note that we have the decomposition Gal( In our case the central character ω of the Hilbert modular form f is trivial, thus any character
Theorem 28 implies that when n is sufficiently large and χ is a primitive character of Gal(K n /K ), the χ -component of h [Q n ] is non-torsion.
The next theorem follows from [14] . (Also note that the method of [1] Proof. This is similar to [12] , [13, Section 12] , and [9] , which in turn follows [12] . The only difference is that we use the following result of Friedberg-Hoffstein [4] instead of Waldspurger [18] because now we are dealing with the Hilbert modular forms. 2
